Connecting the generalized robustness and the geometric measure of entanglement 
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The main goal of this paper is to provide a connection between the generalized robustness of 
entanglement (R g ) and the geometric measure of entanglement (Egme). First, we show that the 
generalized robustness is always higher than or equal to the geometric measure. Then we find a 
tighter lower bound to R g (p) based only on the purity of p and its maximal overlap to a separable 
state. As we will see it is also possible to express this lower bound in terms of Egme- 
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Since it was first noted [J, || the issue of quantum 
correlations has been largely studied and debated. How- 
ever, it was not until entanglement was recognized as 
a physical resource that this theme got a solid status. 
From this point of view, entanglement was shown to al- 
low several tasks such as quantum cryptography |3j , tele- 
portation [J], and quantum algorithms [5]. On the other 
hand, entanglement has also given us new insights for 
understanding important physical phenomena including 
superconductivity B , super-radiance Q , quantum phase 
transitions [1, [i| IloLTlll. Il2| , and the appearance of clas- 
sicality [H[. 

One of the greatest challenges concerning entangle- 
ment is how to properly quantify this resource. Al- 
though this problem is well understood for bipartite pure 
states, in a more complex scenario (multipartite systems 
or mixed states) a complete theory on the quantification 
of entanglement is still lacking. 

Among the difficulties of dealing with multipartite en- 
tanglement is the fact that systems composed by various 
parts can exhibit many kinds of entanglement. This is 
because one may be interested in the entanglement ac- 
cording to a specific partition of the whole system. So 
a state can present some entanglement in relation to a 
given partition, while it can be separable according to 
another one. 

In the last years many candidates of entanglement 
quantifiers were proposed. Generically speaking, the 
ways of quantifying entanglement can be divided into 
two classes: quantifiers with a geometrical interpretation, 
and those with an operational meaning. In the first class 
we can cite the relative entropy of entanglement [LH [l5j , 
the geometric measure of entanglement [3, QjJ , the neg- 
ativity [l9|, [2(| , and the robustness of entanglement 
dHHaH. The entanglement cost [UIH, the disti11 - 
able entanglement [U [26| , and the singlet fraction [27| 
are examples of operational measures. 

The purpose of this letter is to point out a connec- 
tion between two well discussed ent ang lement quantifiers, 
the generalized robustness (R g ) |22l . [23| and the geo- 
metric measure of entanglement (Egme) USES- That 



these quantifiers are related is not obvious a priori, for 
these functions rely on distinct geometrical interpreta- 
tions. While Egme measures the minimum angle be- 
tween an entangled state and a separable one, R g can 
be treated as a kind of "distance" between an entangled 
state and the set of unentangled states. Furthermore 
both quantifiers are able to deal with the various types 
of entanglement that a multipartite system can present. 

Let us first present the language we shall adopt to talk 
about multipartite entanglement. Suppose a state p can 
be written as a convex combination of states which are 
product of fc tensor factors. The state p is then said 
to be a fc-separable state. One should note that in a 
system of n parts, n-separability is separability itself and 
that every state is trivially 1-separable. The set of fc- 
separable states will be denoted by Sk- It is clear that 
S n C S n -\ C ... C Si = D, where D denotes the set of 
density operators. 

We are now able to understand why R g and Egme 
can distinguish the types of entanglement a system con- 
tains. The geometric measure is a pure-state entangle- 
ment quantifier given by: 



where 



E k GME {il>)=l-hl^), 



A| = max|<#/>>f 



(1) 



(2) 



Thus E GME (ip) measures the sine squared of the mini- 
mum angle between and a fc-separable state [36] . It is 
known that this quantity is an entanglement monotone 
[28|, i.e.: it is a non-increasing function under LOCC. 

The relation between E% ME and the notion of fc- 
entanglement witnesses [29l | (observables with positive 
mean value to all fc-separable states, but negative to some 
p £ St) (see Ref. |17|) has also been determined. This 
results from the fact that one can always construct a fc- 
cntanglement witnesses W k for a pure state \ip) of the 
type 



W k = X 2 



|V><# 



(3) 



As this operator must have a positive mean value for 
every fc-separable state, the relation 
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As the witness ([5]) obviously satisfies the condition 
W < I we can attest the following: 



RgW > E k GME ^) 



(8) 



The straight line 
We see that for a 



FIG. 1: Geometrical interpretation of Rg. 
represents the convex combination . 
given state tt and a value of s this combination becomes k- 
separable. Rg(p) is defined as the minimum s, considering all 
possible states n. 



Some points concerning the inequality §5§ should be 
stressed at this stage. First, it is a relation valid to 
all kinds of multipartite entanglement. Moreover this 
relation will be strict whenever the witness j5( is a 
k- entanglement witness which solves the minimization 
problem in {7J. Finally, one could argue that relation 
© may be, in fact, a consequence of standard results 
from matrix analysis relating different distance measures 
between operators (as commented, both Rg and Eq ME 
are related to such distances). However, it must be clear 
that Rg(ip) is not simply the distance between t/j and its 
closest state a £ Sk, but one should keep in mind that 
this distance is taken with relation to the state tt as a 
reference [37| (recall figure 1). This makes the closest 
fc-separable state usually different for and Eq ME - 

In fact, it is possible to give a tighter relation between 
Rg and Eq ME . Recall the lemma 1 shown in ref. [32| . 
We now give a clearer proof of it, and interpret it as a 



must hold. Thus the optimal entanglement witness of lower bound to 
the form is reached when A 



A|, and we can write 



W^t = A 2 



|V><# 



(5) 



Lemma 1. For every state p G D, 



Here optimality is defined in the sense of getting the high- 
est value to \{^\W k \i))\. 

In a different fashion, the robustness of entanglement 
of a state p quantifies how robust the entanglement of p 
is under presence of noise. Thus the robustness of p in 
relation to the state tt, R(p\\tt), is the minimum s such 
that the state 



(6) 



Tr(p 2 ) 



max CTeSfc Tr(per) 



(9) 



Proof First of all let us show that ma,x ae s k Tr(pa) 
is equal to the minimum value of A (A m j n ) such that 
W = XI — p is a fc-entanglemcnt witness. As Tr(W<7) > 
OVa e S k , 



l + s 



is A;-separable. We will be interested in an extension of 
the relative robustness, namely the generalized robust- 
ness. This entanglement quantifier is obtained by the 
minimization of the relative robustness over all states tt 
[22T ]. Recently, an interesting operational interpretation 
to Rg was given in terms of the percentual increase a state 
can provide to teleportation processes [3(| • The general- 
ized robustness can also be viewed as a "distance" of p 
to the set Sk in the space of states (see figure [1} [3l|, and 
thus allow both a geometrical and an operational inter- 
pretation. Moreover Rg was used to investigate the shape 
of entangled states sets [3l| and was shown to exhibit a 
kind of polygamy of entanglement [32[ . 

As well as the geometric measure, Rg is intimately 
connected to the notion of entanglement witnesses. In 
fact, Rg can be expressed as 

R k a (p) = max{0,- min Tr(W k p)}, (7) 
w w k eM 



Tr[(AJ - p)a] = A - Tr (pa) > 0. 

It is thus straightforward to see that X r< 
max ff6St Tr(pcr). 
Note that 



(10) 



W 



w 



= 1- 



< 1. 



(ii) 



So it is possible to see that Rg(p) > — Tr (W'p), from 
which follows the required result. □ 

The lower bound to Rg expressed by ([9|) can be easily 
interpreted: Trp 2 measures the purity of p, and Tr(pcr) 
is the Hilbert-Schmidt scalar product between p and a. 
It is expected that the more mixed p is, the lower the 
value of Trp 2 gets, and the state becomes less entangled. 
Similarly, the larger max CTg s fc Tr (pa) is, closer to the set 
Sk P gets, and the system will show less entanglement. 

But now we note that in the special case of pure states 
the relations Tr(p 2 ) = 1 and m&~x ae s k (H) Tr(pa) — A|(p) 
hold and therefore we have the general relation 



where M. is the set of operators M < I and 
k- entanglement witness [331 ] . 



R k M) > 



1 



1. 



(12) 
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and we can see the relation we are looking for: 

R k M > A 5 - (13) 

1 GME 

It is interesting that two entanglement monotones 
with different geometric interpretation are actually re- 
lated, and furthermore this relation allows an analytic 
lower bound to the generalized robustness for all states 
whenever A|(/j) can be analytically computed. This is 
the case, for example, of completely s ym metric states, 
Werner states, and the isotropic states [13, [HI- 

We can furthermore see from (fT2"]) that 

log 2 (l + J#)>-21og 2 A fc . (14) 

The left side of this expression is the logarithmic ro- 
bustness of entanglement (LRg), another entanglement 
quantifier with interesting features [33|. Curiously this 
is exactly the same lower bound expressed to the relative 
entropy of entanglement (-Ejj) in [3J|. Numerical and an- 
alytical results (see, for example, Figure [2] and Table |T]) 
suggest that LR k g > E\, in general, but at the moment 
this is just a conjecture. 

For bipartite pure states all the quantities considered 
so far can be analytically computed. While the relative 
entropy of entanglement equals the entropy of entangle- 
ment (given by the von Neumann entropy of the reduced 
state) [15| , the generalized robustness is given by 

i* s fc W>) = (£ci) 2 -i, (15) 

i 

being {ci} the spectrum of Schmidt of \ip) In this 

context it can be noted that is given by the modulus 
of the highest Schmidt coefficient of \ip) jl7| |. To visual- 
ize and compare these entanglement measures we calcu- 
late the relative entropy of entanglement, the logarithmic 
generalized robustness, and the lower bound expressed in 
(fl~4f for the state 

\^{p))=VPm + VT^p\U). (16) 

The plots are available in figure [2] 

As the presented relations between R* and Eq ME are 
also valid to multipartite entanglement it would be use- 
ful to illustrate the results in this context as well. We 
choose to study some completely symmetric states for 
this aim. These states are referred to as Dicke states or, 
some times, as generalized W states and appear naturally 
as eigenstates of various models such as the 77-pairing 
model [6j and the Dicke model [7| . Following ref. [ljj we 
will label these states according to the number of O's, as 
follows: 

\S(n, k)) = ^ fc!( "j fc)! SIOOO^OIFT), (17) 

k n — k 

where S is the total symmetrization operator. Wei 
and Goldbart showed an analytical expression to 




p 

FIG. 2: (Color online) Red crosses: logarithmic general- 
ized robustness of entanglement. Blue diamonds: relative 
entropy of entanglement. Black line: lower bound given in 
Eq. ([T|||. 
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0.5 
1 


0.55 
1.25 


0.58 
1.36 


0.625 
1.65 



TABLE I: A comparison among multipartite entanglement of 
some states (|17p . given by geometric measure of entanglement 
(Eq ME ) - see Ref. [l7j - and the robustness of entanglement 
(R%) - see Ref. [||. 



EQ ME (\S(n,k))) (i.e.: the geometric measure of 
S(n, k)) with relation to the completely separable states) 
171 ] . Additionally, in this case it was shown that the rel- 
ative entropy of entanglement is exactly equal the lower 
bound given in Eq. ([14"]) [34] , and moreover it equals the 
logarithmic robustness of entanglement [35[ . So, for the 
states (fl7]) . it is possible to compare analytically these 
entanglement quantifiers. Some examples are shown in 
Table H 

In brief, we have shown some relations between the 
geometric measure of entanglement and the generalized 
robustness of entanglement. We reached a lower bound 
to Rg with nice interpretations and wrote it in terms of 
Eq ME . These relations also allowed us to compare two 
other entanglement quantifiers, the logarithmic general- 
ized robustness and the relative entropy of entanglement. 
Examples were given to illustrate the results. 

Because many entanglement quantifiers exist it is im- 
portant to understand their relation and this, we believe, 
should be a major goal in the theory of entanglement. 
We hope that this discussion can help in this sense. 
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